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In canonical quantum gravity, when space is a compact manifold
with boundary there is a Hamiltonian given by an integral over the
boundary. Here we compute the action of this `boundary Hamiltonian'
on observables corresponding to open Wilson lines in the new variables
formulation of quantum gravity. Up to a divergent factor, it is given
by a `shift operator' resembling that in Morales-Tecotl and Rovelli's
work on quantum gravity coupled to Weyl spinors. This suggests the
appearance of spinorial degrees of freedom on the boundary.
1 Introduction
On globally hyperbolic, spatially compact spacetimes it is a characteristic
feature of general relativity that the Hamiltonian vanishes when Einstein's
equations hold. Suppose that spacetime is of the form IRS with S compact
without boundary. Then in the metric representation of general relativity
without matter, the Hamiltonian density (up to a total divergence) is a linear
combination of the components of the Einstein tensor. Thus the vacuum
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N is an arbitrary densitized lapse function. (For simplicity we consider
only the case of vanishing shift.) In the quantum theory of gravity one thus













does not capture the dynamics of quantum gravity [9]. Conceptually, since
the state 	 only allows us to compute expectation values of dieomorphism-
invariant observables, it makes no sense to `evolve 	 in time'.
The situation is dierent when space, , is a compact manifold with
boundary [12, 8]. Here one must add a surface term to the Hamiltonian






















The result does not necessarily vanish when Einstein's equations hold.
In particular, in the limiting case of asymptotically Minkowskian solu-
tions, where  = D
3
and @ = S
2
is spacelike innity, the Hamiltonian H

generates asymptotic time translations when we set

N = 1. One might hope,





nontrivial time evolution for asymptotically at states of quantum gravity.
Of course the very notion of an asymptotically Minkowskian state of quan-
tum gravity is problematic. However, the extent of the problems can only be
understood by investigation. It is worth comparing the idea that interacting
quantum elds approach free elds as t! 1; while this is fundamentally
erroneous, as witnessed by Haag's no-go theorem, it is nonetheless very useful
in practical computations.
The boundary term in the Hamiltonian also arises naturally when we split
the compact space S into two compact manifolds with boundary:
















is as in eq. (2), and H

0
is analogous. The point here is that the
boundary terms for  and 
0
cancel due to the opposite orientations they




describing the time evolution of the gravitational eld in  relative to that
in 
0
, but we shall not attempt to make this precise here.
In what follows, we compute the action of the boundary term in H

in

































where we use a; b; c; : : : as spacelike indices and i; j; k; : : : as internal indices.
The resulting Hamiltonian H






(or equivalently, the metric) is held xed on @. In units where h = 1,


































In their original paper on the loop representation of quantum gravity on
manifolds without boundary, Rovelli and Smolin [13] computed the action of
the Hamiltonian on Wilson loops. In the Heisenberg picture, where we think






















is the holonomy from t to t
0
and : [0; 1] ! S is a loop. Alternatively,
in the Schrodinger picture, where we think of the Wilson loops as dening




tr(U [1; 0]). In either case, the
computation is delicate and controversial [3, 4, 5, 7, 10], but simple symmetry
considerations indicate that when  is smooth and without self-intersections,
the result is identically zero.
In the case of a compact manifold  with boundary, we need to know
the action of the Hamiltonian H

not only on Wilson loops but also on
`Wilson lines' starting and ending on the boundary. As in the case without
boundary, a symmetry argument shows that this commutator vanishes for
smooth Wilson loops without self-intersections. The simplest case exhibiting
the eect of the boundary term is that of a smooth curve  without self-
intersections that intersects @ transversely at its initial and nal points
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0
= (0) and 
1
= (1). In the Heisenberg picture, the associated Wilson
















itself, this observable is invariant only under gauge transformations equal to










H; U [1; 0]

= 0












; U [1; 0]
i
:



















































































































































Note also that if we work in the Schrodinger picture and dene a kine-
matical state using the Wilson line  by









where  and  
0




















in the next section, with the results appearing
in eqs. (5), (6) and (7), respectively. The most important term, C
1
, is singular.
We compute it using a point-splitting regularization, and see that as the
regularization is removed, the result diverges in a manner proportional to a




2 Commutator of Hamiltonian and Wilson line
We begin by evaluating C
1































Introducing a point-splitting by letting z

(x; y) be a function that tends to

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(t) (x; (s)) (y; (t))
((t  s) U [1; t] 
i
U [t; s] 
j
U [s; 0] + (s  t) U [1; s] 
j
U [s; t] 
i
















































(t; s) = (t  s)U [1; t] 
i
U [t; s] 
j
U [s; 0]:












































































































































































































































































U [1; 0]; (5)














) is innite. It should be regarded as a precise description of the
behavior of C
1































































































































































































































































































U [1; 0]: (7)
3 Conclusions
The formula for C
1





acts on the Wilson line state








to give a dierence of two terms. In the rst, U [1; 0] is multiplied on the
right by a term proportional to the component of the connection A in the
direction _(0). In the second, U [1; 0] is multiplied on the left by a term
proportional to the component of A in the direction _(1). This is precisely
in accord with the known result on manifolds without boundary, that the
Hamiltonian constraint acts as a kind of `shift operator' corresponding to an
innitesimal displacement of the Wilson line in the direction of its tangent
vector.
This result is also very reminiscent of the work by Morales-Tecotl and
Rovelli on quantum gravity coupled to a Weyl spinor eld [11], in which the








is described by such a shift operator. It suggests that in the loop represen-
tation, splitting the compact space S into two `halves'  and 
0
introduces
degrees of freedom corresponding to spinors on the boundary @ = @
0
. A
similar observation was recently used by Carlip [6] to compute the entropy
of black holes in 2+1-dimensional gravity. In his approach, the black hole
entropy arises from states of an induced eld theory on the event horizon.
As noted by Balachandran et al [2], these `edge states' are analogous to those
arising in the fractional quantum Hall eect. In 3+1 dimensions the idea of
working out the black hole entropy by this method is especially interesting
7
because the area operator in the loop representation essentially counts the
number points where Wilson lines intersect a surface [14]. Developing these
ideas further, however, is complicated by the singular nature of the result in
eq. (5).
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